We show that the integral method used to prove the no-hair theorem for Black Holes (BH's) in spherically symmetric and static spacetimes within the framework of general relativity with matter composed by a complex-valued scalar-field does not lead to a straightforward conclusion about the absence of hair in the stationary and rotating (axisymmetric) scenario. We argue that such a failure can be used to justify in a simple and heuristic way the existence of non-trivial boson clouds or hair found numerically by Herdeiro and Radu [1, 2] and analytically by Hod in the test field limit [3] [4] [5] . This is due to the presence of a contribution that is negative when rotation exists which allows for an integral to vanish even when a non-trivial boson hair is present. The presence of such a negative contribution that depends on the rotation properties of the BH is perfectly correlated with the eigenvalue problem associated with the boson-field equation. Conversely, when the rotation is absent the integral turns to be composed only by non negative (i.e. positive semidefinite) terms and thus the only way it can vanish is when the hair is completely absent. This analysis poses serious challenges and obstructions towards the elaboration of no-hair theorems for more general spacetimes endowed with a BH region even when including matter fields that obey the energy conditions. Thus rotating boson stars, if collapsed, may lead indeed to a new type of rotating BH, like the ones found in [1, 2] . In order to achieve this analysis we solve numerically the eigenvalue problem for the boson field in the Kerr-BH background by imposing rigorous regularity conditions at the BH horizon for the non-extremal case (0 < a < M ) which include the near extremal one in the limit M → a, as well as the small BH limit M → a → 0. Wheeler's famous no-hair conjecture establishes that asymptotically flat black holes (AFBH) are characterized only by three parameters: mass, charge and angular momentum [6] . This conjecture is supported by the uniqueness theorems which assert that all regular AFBH solutions within the Einstein-Maxwell system that are stationary and axially symmetric are contained within the Kerr-Newman family which is fully described by those three parameters [7] (see [8] for a review). There are, however, some counterexamples to this conjecture when other field theories are taken into account, notably, when including non-abelian gauge fields like in the EinsteinYang-Mills system [9] or when the energy-momentum tensor (EMT) of some field theories do not obey the positive-energy conditions, like in the Einstein-Higgs system with a non-positive semidefinite scalar-field potential V (φ) [10, 11] . Indeed the so-called no-hair theorems for matter fields composed by a real or complex-valued (boson) scalar fields in static and spherically symmetric spacetimes within the framework of general relativity apply provided the potentials obey the energy conditions, namely, the weak energy condition (WEC) [12] [13] [14] (see [15] for a review). One way to prove these theorems is to use the conservation equation for the EMT of the matter fields. This equation * gustavo.garcia@correo.nucleares.unam.mx † marcelo@nucleares.unam.mx together with the AF condition and the WEC leads to the conclusion that the only possible field configurations are the trivial ones φ(r) = 0 and Ψ(t, r) ≡ 0 [12, 14] .
Wheeler's famous no-hair conjecture establishes that asymptotically flat black holes (AFBH) are characterized only by three parameters: mass, charge and angular momentum [6] . This conjecture is supported by the uniqueness theorems which assert that all regular AFBH solutions within the Einstein-Maxwell system that are stationary and axially symmetric are contained within the Kerr-Newman family which is fully described by those three parameters [7] (see [8] for a review). There are, however, some counterexamples to this conjecture when other field theories are taken into account, notably, when including non-abelian gauge fields like in the EinsteinYang-Mills system [9] or when the energy-momentum tensor (EMT) of some field theories do not obey the positive-energy conditions, like in the Einstein-Higgs system with a non-positive semidefinite scalar-field potential V (φ) [10, 11] . Indeed the so-called no-hair theorems for matter fields composed by a real or complex-valued (boson) scalar fields in static and spherically symmetric spacetimes within the framework of general relativity apply provided the potentials obey the energy conditions, namely, the weak energy condition (WEC) V φ (φ) ≥ 0, V Ψ (Ψ * Ψ) ≥ 0 [12] [13] [14] (see [15] for a review). One way to prove these theorems is to use the conservation equation for the EMT of the matter fields. This equation together with the AF condition and the WEC leads to the conclusion that the only possible field configurations are the trivial ones φ(r) = 0 and Ψ(t, r) ≡ 0 [12, 14] . Other proofs use the Klein-Gordon equation which, by some manipulations, can be integrated in suitable but arbitrary region of the domain of outer communications of the BH (see Section I) leading to a vanishing integral whose integrand is non-negative if the potential is convex. This integral can thus be satisfied if and only if the scalar field vanishes identically [16] .
In this paper we show that if one includes rotation, the integral used to prove the no-hair theorem for a complexvalued boson field within a spherically symmetric and static spacetime does not lead to the same conclusion for a stationary and axisymmetric AFBH (namely, the boson field does not necessarily vanish) since the rotation produces terms in the integral that are not positive semidefinite. Thus, a priori, the inclusion of less symmetries in the problem generate obstructions to extend the no-hair theorems. Surprisingly, it turns out, that these obstructions lead to actual counterexamples to the no-hair conjecture in the rotating case even when the WEC is satisfied. The first in showing some evidence about the existence of non-trivial complex-valued field configurations was Hod [3, 4] , who assumed an extremal and near extremal Kerr BH backgrounds. By solving the corresponding eigenvalue problem Hod proved that non-trivial configurations exist for the boson field. These configurations were termed clouds. Later, Herdeiro and Radu [1, 2] reached the same conclusions numerically for general Kerr BH configurations that were not necessarily extremal, and Hod [5] provided analytic expressions for the spectrum in the large limit M µ (cf. Sections I and IV). Benone et al. [17] generalized these results for a Kerr-Newman background. Herdeiro and Radu [1, 2] also analyzed the scenario where the background is not fixed and solved numerically the full fledged EinsteinBoson field system selfconsistently finding the existence of stationary and rotating regular AFBH's endowed with boson hair. They also showed that in the limit where the BH's horizon shrink to zero, the resulting configuration corresponds to a globally regular rotating boson star. Further analysis by the same authors together with other collaborators extended those results by including a selfinteracting boson field [18] and a charged boson field, i.e., for the latter study they solved numerically the EinsteinMaxwell-(un)charged-boson field system [19] . Previously Hod [20] had performed a study of charged clouds in the Kerr-Newman background for the near extremal case.
In the present paper we focus only on the analysis of boson clouds within a fixed Kerr background. In a forthcoming work we plan to analyze a similar scenario within the (charged) Kerr-Newman BH. In order to accomplish our goal we solve the corresponding eigenvalue problem and show that when non-trivial boson-field configurations, i.e. boson clouds, exist negative contributions within an integral identity emerge allowing for this to vanish without the requirement for a trivial field configuration to be present. The existence of these clouds depends on solving an eigenvalue problem that leads to a quantized angular momentum a = J/M for the Kerr BH. In the limit of zero angular momentum the BH's horizon shrink to zero and the cloud's frequency ω saturates the mass µ of the boson field. In that limit the boson field do not fall-off asymptotically in the form of a Yukawa fashion but just ∼ 1/r and the angular velocity of the BH becomes maximal. We argue that in the exact scenario where r H = 0 = a = M , the BH "disappears" and the spacetime becomes Minkowski and the clouds become singular at the origin. The conclusion is that regular boson clouds exist only due to the rotation of the Kerr BH and the existence of such clouds presumably require that the BH angular velocity Ω H be bounded between the extremal case and the maximum frequency: Ω ext H < Ω H < µ/m, where m is an integer (a quantum number) associated with the angular dependency of the boson field. Thus, regular clouds cannot exist in the absence of rotation, in agreement with the no-hair theorems for spherically symmetric spacetimes, and in the absence of a BH (i.e. in Minkowski spacetime).
One last comment of paramount importance is in order. In the past, BH solutions with non trivial hair with singular behavior at the BH horizon have been reported [21] . Since such solutions are not genuinely regular their significance was the subject of debate [22] . Thus, in order to avoid such kind of drawback it is essential to impose suitable regularity conditions on the matter fields at the BH horizon. For our numerical analysis we impose those kind of conditions to the non-extremal solutions which include the near extremal ones in the limit M → a. The latter solutions present radial functions with unbounded gradients at r H = M = a (cf. Sec. IV), notwithstanding, we argue that, given the type of the divergence, the invariant scalars formed from derivatives of the fields may remain finite at r H = a. In a future work we will analyze if extremal cloud solutions with bounded gradients of the field at r H = a exist or not.
I. THE CLOUD SCENARIO
We assume a Kerr BH background with a metric given in terms of the Boyer-Lindquist coordinates 1 :
where
M and a are the mass and angular momentum (per mass unit) associated with the Kerr BH. We consider a complex-valued massive and free scalar field Ψ which has the following energy-momentum tensor
where µ is the mass associated with Ψ. The cloud solution that we aim to find corresponds to a boson field that does not backreact on the Kerr background, and thus, the field is considered to be a test field in the sense that the above EMT does not contribute as source to the Einstein field equations. Nonetheless, the field equation for Ψ that we write below is analyzed in the curved spacetime associated with the fixed Kerr background. The complex boson field Ψ obeys the Klein-Gordon equation
1 Notation may vary from textbooks and monographs. For instance, Wald [23] uses Σ instead of ρ 2 which is used by Chandrasekhar [24] . 2 If one redefines Ψ = √ 2Ψ one recover the usual parametrization of the EMT used in [1, 2] . where = g ab ∇ a ∇ b is the covariant d'Alambertian operator, and g ab corresponds to the Kerr metric (1) . In order to find "bound state" solutions we assume Ψ(t, r, θ, ϕ) to have a time and angle dependency in the following form Ψ(t, r, θ, ϕ) = e ı(−ωt+mϕ) φ(r, θ) ,
where φ(r, θ) is real valued and m is a non-zero integer. The harmonic dependence of the boson field is such that the EMT respects the symmetries of the underlying spacetime. The idea is that this kind of test field is just an approximation of a more realistic solution where the field is allowed to backreact on the spacetime (cf. [1, 2] ). The angular velocity of the Kerr BH is given in terms of the BH horizon located at r H and the angular momentum a by
where r H = r + is the largest root of the algebraic equation
that is
The other root is given by
The existence of a Kerr BH requires |a| ≤ M . So we can write
Moreover, there is also the following relationship between the two horizons:
3 In the 3+1 formalism of general relativity (cf. Section III), the BH's angular velocity Ω H can be defined as the angular velocity of the normal observer to the hypersurfaces t = const at the horizon [23] . This angular velocity is no other but the shiftvector component N ϕ H [23] . Alternatively, the timelike and axial Killing fields ξ a = (∂/∂t) a and η a = (∂/∂ϕ) a are orthogonal to χ a := ξ a + Ω H η a at the horizon [cf. Eq. (20) ] leading to Ω H = −ξaξ a /(ξaη a )| H = −ηaξ a /(ηaη a )| H [8] and to the expression (8) . In turn, the (Killing) horizon is defined to be as the region where χ a χa| H = 0 which leads to Eq. (9) . In fact χ a χa| H = −N 2 | H where N is the lapse function [23] , therefore the horizon corresponds to the spacetime region where the lapse vanishes. At the horizon the normal observer has 4-velocity n a | H = χ a H /N H and satisfies n a na = −1. For the Kerr metric the normal observer coincides with the so-called Zero Angular Momentum Observer (ZAMO) since n a =
So given r H and a one can compute r − from Eq. (13) and M from
Thus Ω H , r − and M are given in terms of parametric equations Ω H = Ω H (r H , a), r − = r − (r H , a), and M = M (r H , a), which are provided by Eqs. (8), (13) and (14), respectively. These equations will be useful to compute Ω H , r − and M when finding the values for a that solves the eigenvalue problem for Ψ, given r H . The so called extremal Kerr BH corresponds to the following values of the BH properties:
Another condition that is imposed on the field Ψ for the boson clouds to exist is the so-called zero flux condition at the BH horizon [1, 2] 4 :
where χ a is the helical Killing vector field given in terms of the timelike Killing field ξ a = (∂/∂t) a and the axial Killing field η a = (∂/∂ϕ) a . At the horizon χ a becomes null and thus, it is tangent to the null geodesic generators of the horizon. Equation (19) together with (7) lead to the relationship
Assuming Ψ H = 0 we obtain
4 The no-flux condition at the horizon translates into a stationarity "equilibrium" condition χ a ja| H = 0 where ja = 1 ı Ψ * ∇aΨ− Ψ∇aΨ * is the conserved current associated with the global phase symmetry of the matter component. This condition ensures that the cloud configuration corresponds to bound states. Furthermore, the Killing fieldχ a := ξ a + (ω/m)η a is the one which makes Ψ to respect also the simultaneous symmetries generated by ξ a and η a :χ a ∇aΨ ≡ 0. One then selectsχ a ≡ χ a to coincide with the BH-horizon generator, which leads also to the no-flux condition (22) [2] . For a boson field with ω complex instead of bound states the configuration may undergo superradiance [25] if the real part ω R lies in the interval 0 < ω R < mΩ H and the imaginary one ω I > 0, or decay in time when mΩ H < ω R and ω I < 0 (see [26] for a review). The cloud scenario is precisely the one with ω R = mΩ H and ω I = 0 [1] [2] [3] [4] .
II. OBSTRUCTIONS TOWARDS A MORE GENERAL NO-HAIR THEOREM
Let us now consider Eq.(6). Let M denote the domain of outer communication of the BH (i.e. I − (J + ) ∩ I + (J − )) and V ⊂ M an open subset bounded by the following sets of spacetime points of M : two spacelike hypersurfaces Σ 1 ⊂ M , Σ 2 ⊂ M , a section of the BH horizon H (i.e.V ∩ H) and, finally by spatial infinity i 0 . We can multiply both sides by Ψ * and integrate over the spacetime volume V:
Integrating by parts, and using the Gauss theorem one is led to
where the surface integral on the left-hand-side (l.h.s) is performed on the boundaries with normal s a : the two spacelike hypersurfaces Σ 1 and Σ 2 , the "inner" boundary associated with the subset of the BH horizonV ∩ H, and the "outer" boundary at spatial infinity i 0 . Due to the assumption of stationarity, the integral over the spacelike hypersurfaces cancel each other because the integrals are identical except for the opposite sign of their normals. On the other hand, at the horizon the normal s a coincides with the null generator χ a , and due to the zero flux assumption Eq. (19), the integral vanishes identically, where we assume that Ψ * is bounded at H. Finally, the integral at spatial infinity (over a sphere with r → ∞) also vanishes if Ψ falls off sufficiently fast asymptotically (e.g. one expects a Yukawa type of fall-off due to the presence of the mass term). Thus one concludes
In the non-rotating (
2 . Thus, the previous integral reduces to
Since g rr = (1 − 2M/r) ≥ 0 in the domain of outer communication, each term is non-negative and thus each one has to vanish independently, leading to φ(r) ≡ 0. The conclusion is that a nontrivial scalar-field configuration is not possible within the Schwarzschild spacetime, and thus that scalar-clouds are absent. Even if the background is not fixed to be the Schwarzschild spacetime, the staticity assumption g rr ≥ 0 in the domain of outer communication together with the asymptotic flatness condition suffices to obtain the same conclusion: a static and spherically symmetric spacetime endowed with a regular BH region does not allow for a non-trivial hair, and thus, the only possible exterior solution is the Schwarzschild spacetime 5 . This is one of the well known no-hair theorems for a scalar field in the static and spherically symmetric scenario [16] .
Let us consider now a stationary and axisymmetric spacetime, notably the Kerr solution (1), which is the most relevant for this paper. In this case and for a field with the harmonic dependence (7) one is led to the following expression for the kinetic term
where we used Eq. (22) in the first line, and the capital indices, which run 1, 2, correspond to the subspace covered by the coordinates r, θ. Since in the domain of outer communication of the Kerr BH g rr ≥ 0 and
2 is non-negative. The integrand of the volume integral (25) becomes
Thus, if non-trivial regular clouds exist (i.e. φ(r, θ) = 0), then a fortiori the following inequality
must hold in a spacetime region in order for the first term of (28) to compensate for the non-negative definite terms g IJ (∇ I φ)(∇ J φ) and µ 2 φ 2 and thus for the volume integral (25) to be satisfied. As we stressed before, in the non-rotating case Ω H ≡ 0 ≡ a, one has I ≥ 0 and each of the terms of I are also non-negative, thus the volume integral (25) is only satisfied when each of those terms vanish. Then one concludes that only the trivial configuration φ(r, θ) ≡ 0 is possible. 5 For a regular BH solution we demand that all the scalars are well behaved in the domain of outer communication, notably, at the horizon H. In particular, the scalar (∇cΨ * )(∇ c Ψ) should be well behaved. Other methods to prove the no-hair theorem for complex scalar fields were devised in [27] using the conservation of the EMT following [12] , where the authors assumed in their proof that the scalar T ab T ab involving the EMT is regular at the horizon, as well as its individual contributions. As they require T r r | H = T t t | H one is led to the conclusion −g tt ω 2 φ 2 | H = 0, which require the condition ω 2 φ 2 | H = 0, given that g tt diverges at H. This condition is similar to the no-flux condition (21) when Ω H ≡ 0. From (4) we appreciate that the components T r r and T t t contain the scalar (∇cΨ * )(∇ c Ψ) and therefore the regularity of those components require regularity of this scalar and vice versa. When the scalar field is real-valued, i.e., ω ≡ 0, the scalar field is time independent. In this case the generator at the horizon is the Killing field ξ a , which becomes null at H and is also the normal of the inner boundary, and thus s c ∇cΨ = ξ c ∇cΨ = ξ t ∂tΨ ≡ 0. The rest of the proof holds, and we recover the no-hair theorem for the static and spherically symmetric BH's with a real-valued scalar field (cf. [16] ). Now, even in the rotating case one would be tempted to prove R ≥ 0, in which case every term of I would be positive semidefinite leading again to φ(r, θ) ≡ 0 for Eq.(25) to hold. If this were possible then clouds (and more generically, hair) would be absent in the rotating case as well and one would have a novel no-hair theorem. However, unless some very restrictive and unphysical conditions are assumed, such a task seems impossible. Indeed, the discovery of boson clouds around a extremal and non-extremal Kerr backgrounds [1] [2] [3] [4] [5] and more generally, the existence of boson hair around a stationary, axisymmetric and rotating BH found by Herdeiro and Radu [1, 2] provide clear evidence that an elaboration of a non-hair theorem in the way suggested above seems hopeless. The goal of this paper is then to show that for the non-trivial cloud configurations found in [1] [2] [3] [4] [5] the inequality (29) holds in several spacetime regions, namely, far from the horizon [cf. Eq. (68) in Sec. III] which allows us to understand in a more heuristic way why Eq. (25) is verified when such non-trivial configurations exist, while one is usually accustomed that Eq. (25) only holds for trivial scalar-fields in stationary situations. In view of this, we argue that the existence of such clouds and hair represents severe obstructions to the extensions of the no-hair theorem to the non-spherically symmetric scenarios with complex-valued scalar fields of the sort analyzed here.
As we will show below, the existence of non-trivial clouds depends on solving an eigenvalue problem which "quantizes" the possible values for the BH properties, namely, a, Ω H and M , given the quantum numbers (n, l, m). The principal number n corresponds to the number of nodes associated with the radial part of φ(r, θ), while the integers l and m are the orbital and magnetic quantum numbers, respectively, associated with the angular dependence of the boson field. The eigenvalues are represented by the possible values of the BH angular momentum a, that can be denoted by a nlm , which is no longer a continuous parameter but a discrete set labeled by the integers (n, l, m), resulting from the eigenvalue problem associated with the localized solution for φ.
III. 3+1 SPLITTING, THE KLEIN GORDON EQUATION AND THE KINETIC TERM AT THE HORIZON
The d'Alambertian operator of Eq.(6) with the Kerr background metric (1) reads
These results together with Eqs. (7) and (22), allow us to write the Klein-Gordon Eq. (6) as an eigenvalue problem for the amplitude φ(r, θ) in the form
where the eigenvalues, represented by the possible values of the angular momentum a, are hidden within the expression in brackets. In Section IV below we present more explicitly the eigenvalue problem at hand. From the r.h.s of Eq. (32) we appreciate that the terms within the brackets not involving the mass term µ 2 are exactly the same that appear in Eq. (27) . Of course, this is not surprising taking into account that Eq. (25) is the result of integrating Eq. (32). Thus, the existence of non-trivial clouds is related to the existence of a non-trivial solution to the eigenvalue problem for φ(r, θ) which in turn is closely related with the verification of the inequality (29) .
It is useful to write Eq. (27) in terms of the 3+1 variables [28] as follows
where we used in Eqs. (43) and (44) the fact that in the axisymmetric problem at hand the shift vector components N r and N θ vanish identically. Furthermore, g rr = h rr , g θθ = h θθ , g ϕϕ = h ϕϕ = 1/h ϕϕ . The covariant derivatives D I are associated with the 3-metric h ij , and h ij is the inverse of the 3-metric. One can show that the lapse function is given by [29] 
and the square of the helical Killing vector field (20) at the horizon can be expressed in terms of the lapse function (cf. footnote 3):
Thus, the horizon is located at the place where N (r, θ) = 0 and also where g rr = ∞, i.e., where ∆ = 0 [cf. Eqs. (1) and (12) 
In the next section we will analyze the regularity conditions for the field and its radial derivatives at the horizon using the Teukolsky equation and elaborate more about the regularity of the kinetic term at the horizon, notably, in the (near) extremal case. Now, as concerns the condition N ϕ H = Ω H , this is precisely the definition of the rotating frequency of the horizon. The term
leads thus to 0/0 and it requires a careful analysis in order to evaluate its precise value, specially in the extremal case. Perhaps the easiest way to compute such a value is to expand the shift component N ϕ (r, θ) in Taylor series near the horizon and use the fact that N 2 can be written in terms of the product of two factors involving the two horizons r H and r − :
Thus, for the non-extremal and the extremal scenarios we find
where we used
A straightforward, albeit longer computations, allow to verify that both (54) and (55) also hold when the exact Kerr metric is used instead of expanding the shift component in Taylor series near the horizon. From the above results and from Eq. (34) we conclude
In particular at θ = π/2,
which are both positive.
On the other hand, far from the horizon, we have the following asymptotic behavior
So asymptotically,
From this result we conclude that asymptotically Eq. (34) behaves
This result is valid for the extremal and non-extremal scenarios.
Far from the axis of symmetry (θ = 0, π), in particular at the equatorial plane θ = π/2, and for a finite rotation frequency, the condition (29) holds asymptotically
Therefore asymptotically and at θ = π/2 the first term of Eq.(33) behaves
Clearly when Ω H ≡ 0, we have Λ = m 2 φ 2 h ϕϕ , which is positive semidefinite. In particular, at θ = π/2, Λ = m 2 φ 2 /r 2 . In this case one finds again that the kinetic term Eq. (33) is positive semidefinite and we require φ(r, θ) ≡ 0 for Eq. (25) to be satisfied.
In summary, at θ = π/2
where, as emphasized above, the asymptotic behavior for Λ holds for the non-extremal and the extremal cases as well. We conclude that the rotating contribution to the kinetic term (33) is positive at the horizon and then becomes negative. Since φ will vanish asymptotically then Λ, and in fact all the kinetic term, will vanish asymptotically. We have reached this conclusion even without solving the eigenvalue problem for φ(r, θ). So from this result we have clear indications that if a non trivial localized solution for φ(r, θ) exists, the inequality (29) actually holds in some region of the outer communication of the BH. In the next section we solve the eigenvalue problem numerically and, for simplicity, plot the quantity Λ/φ 2 = m 2 R at θ = π/2 from the horizon r = r H to r r H in order to appreciate its negative behavior in a large portion of the spacetime not only asymptotically (cf. Figure 6) , showing that the inequality (29) actually holds in some regions of spacetime when clouds exist.
IV. THE TEUKOLSKY EQUATION, REGULARITY CONDITIONS AND NUMERICAL RESULTS
In order to solve the Klein-Gordon Eq. (6) or its reduced form Eq.(32) the complex-valued scalar field (7) is further decomposed as
The angular functions S lm (θ) are the spheroidal harmonics which obey the angular equation
where K lm are separation constants. We consider the following expansion for the coupling constant K lm
where the expansion coefficients c k are given in Ref. [30] . The radial functions R nml (r) obey the radial Teukolsky equation [31] 
7 Here we introduced explicitly the subindices in the field referring to the "quantum" numbers n, l, m.
The last equality arises from the condition (22) and from Eqs. (8) and (14). Thus we appreciate that H vanishes at r = r H .
As mentioned in Section I we are interested in finding bound states of the field configuration (i.e. boson clouds) corresponding to frequencies ω satisfying Eq. (22) and these scalar configurations are characterized by three "quantum numbers" (n, l, m). The numbers n, l are nonnegative integers, n determines the number of nodes of the radial function R nlm , and the "magnetic" number m is an integer satisfying |m| ≤ l. In the non-extremal scenario (0 < a < M ), 8 for a given horizon radius r H and for a fixed l, m there is a specific value for a, i.e., a nlm that leads to a localized configuration, i.e., one where the radial function vanishes asymptotically with n nodes. In turn, the mass M and the angular velocity Ω H of the BH are also "quantized" from Eqs. (8) and (14) .
In order to find genuine cloud configurations one has to impose regularity conditions of the field Ψ at the BH horizon. For instance, the field and its derivatives must be bounded at the horizon. This ensures that several scalars computed from such derivatives are also regular (i.e. bounded) there, namely, the kinetic term (27) . On the other hand, if one assumes that the field is C 3 at the horizon, the radial derivatives must be finite there as well. In order to find regular solutions of Eq.(75) one requires R nlm (r H ), R nlm (r H ) and R nlm (r H ), where primes indicate radial derivatives. Assuming that R nlm (r H ) is bounded in Eq.(75), the regularity condition for R nlm (r H ) found from Eq.(75) for the non-extremal case (0 < a < M ) turns out to be
(77) The value R nlm (r H ) is not constrained and we choose R nlm (r H ) = 1 for simplicity and in order to compare our numerical results with previous studies [1, 2, 17] .
To find R nlm (r H ) we need to differentiate Eq.(75) one more time and demand that R nlm (r H ) is bounded. We find
Notice that in the extremal case r H = M = a = r − both regularity conditions (77) and (78) blow up at the horizon. Thus, from those regularity conditions we can approach the extremal solutions from the non-extremal ones only in the limit r H → M . We have done so and we elaborate more about those specific solutions below. In a future investigation we shall analyze if extremal solutions with bounded derivatives at the horizon are possible.
In order to find boson-cloud solutions embedded in a non-extremal Kerr BH, we solved Eq. (75) numerically with their respective regularity conditions (77) and (78) by integrating in the domain of outer communication. We integrate the Teukolsky Eq. (75) from r = r H outwards using a 4th order Runge-Kutta scheme and a shooting method to find the correct eigenvalues (the angular momentum a) to a very good precision. The correct eigenvalue is such that the radial function vanishes asymptotically. Figures 1 and 2 depict the (existence lines) found from Eqs. (8) and (14) when the eigenvalue problem Eq. (75) is solved numerically. As we stressed above, the angular momenta a nlm are the eigenvalues of the problem (i.e. the spectra). These spectra and their precise numerical values are depicted and displayed, respectively, by Figures 7-9 and Tables I-III at the end of the paper. 8 We focus only on positive values for a.
Those figures and tables include the near extremal solutions where M ≈ a ≈ r H . Our numerical results are compatible with [1, 2, 17] . Figure 3 shows a sample of radial solutions for n = 0 and l = 1 = m using different horizon sizes for the non-extremal case. Those solutions have no nodes and vanish asymptotically. Figure 4 is similar to Fig. 3 but for the near extremal case, however unlike Figure 3 , as the configurations approach the extremal case the maximum amplitude of the radial function increases as well as the slope at the horizon instead of decreasing.
We emphasize that extremal solutions with unbounded values for R nlm (r H ) may make sense physically. From Eq. (77) we notice that R nlm blows up at the extremal horizon r H = M = a as R nlm = C/(r H − M ), where C stands for the numerator of Eq. (77). Nonetheless, the radial part of the kinetic term
Here we omitted the labels n, l, m for brevity. So at the extremal horizon K r | H = C 2 S 2 (θ)/ρ 2 , which is finite, with ρ 2 = M 2 (1 + cos 2 θ). Thus the kinetic scalar remains finite at the horizon despite the unboundedness of the derivative of the radial function at the extremal horizon. Moreover, the radial Eq. (75) is also satisfied at r H = M despite that regularity conditions Eq.(77) and Eq.(78) diverge at r H = M . This is by virtue of the factor ∆ = (r − M ) 2 , which makes the terms with the derivatives of R nlm to vanish at r = M . Furthermore the coefficient of the term with R nlm also vanishes at the horizon given that the quantity H ≡ 0. Figure 5 depicts some examples of radial solutions with different nodes with a fixed value µr H = 0.5: R n11 (l = m = 1) and R n22 (l = m = 2) with n = 0, 1, 2. Figure 6 plots the rotational part of the kinetic term Eq. (27) that appears in the integral (25) for some of the numerical solutions presented above and evaluated at θ = π/2, for simplicity. At the horizon this quantity is positive but soon becomes negative. Here we normalized this rotational part to the square of the cloud amplitude Ψ * Ψ, which is positive, to better appreciate the positive and negative values. Due to the use of this normalization, this quantity does not vanish asymptotically. In fact it reaches the negative constant value given by Eq. Table IV for the numerical values of that quantity at the horizon and asymptotically). This also corroborates that our numerical results are consistent with the analytic expectations. The fact that the rotational contribution is negative in most part of the domain of outer communication of the Kerr BH indicates that the integral vanishes precisely due to the presence of such negative contribution without the need for the field configuration Ψ(t, r, θ, φ) to vanish identically, something that is required in the non-rotating situation (i.e. the spherically symmetric scenario). These results corroborates our initial expectations concerning the inequality (29) which allows us to understand in sim- Figure 7 and listed in Table I , while their values M and ΩH correspond to some of the (black) dots marked m = 1 in Figure 1 (see also Figure 4 ).
ple grounds the existence of the non-trivial boson clouds. Finally, it is worth mentioning the following intriguing scenario that results from the numerical analysis. We have checked numerically that in the limit r H → 0 one finds cloud configurations with a → 0, M → 0, w/µ → 1 and Ω H /µ → 1/m (cf . Tables I-III) . One can understand this behavior from analytic expressions as follows. From Eq. (22) we see that taking w/µ = 1 leads to Ω H /µ = 1/m. Thus, Eqs. (8) and (9) Tables I-III . Furthermore, since asymptotically R(r) ∼ e −r √ µ 2 −ω 2 /r, in the limit w/µ → 1, R(r) ∼ 1/r, and the gradients of R(r) become steeper at the horizon (R r H →0 → ∞) and the maximum amplitude grows (cf. Figure 3 ). In principle when r H = 0 = a = M the BH "disappears", and what remains is the Minkowski spacetime and the clouds become singular at the origin r H = 0 since R r H →0 → ∞. If one tries to construct cloud configurations in Minkowski spacetime that are regular at the origin and well behaved asymptotically then the only possible configurations are with l = 0 = m. Among these the configurations that are well behaved asymptotically are: a) The trivial solution R(r) = const for ω = µ, but only R(r) ≡ 0 has finite energy; b) The solution R(r) = R 0 sin(λr)/(λr), for ω 2 > µ 2 , where R 0 is a constant and λ = ω 2 − µ 2 . This solution is not localized either and has infinite energy. Thus, the only solution that is well behaved everywhere and has finite energy is the trivial one. This is in agreement with the integral analysis similar to the one performed in Section II: if one considers Minkowski spacetime and possible cloud solutions in spherical symmetry, then the integral in the inner boundary (the origin at r = 0) vanishes (assuming that the normal at the origin has component only in the radial direction) by regularity R | r=0 = 0, and the surface integral at infinity vanishes as well if one demands that the field is localized, i.e., has finite energy. Then, if 
Localized solutions require µ 2 > ω 2 . Thus the terms involving φ 2 and (∂ r φ) 2 are non-negative, and each has to vanish separately. Thus, we conclude that the only possible regular solution is the trivial one φ(r) ≡ 0.
In the full Einstein-boson-field system the boson field is not a test-field anymore, and so when r H = 0, the configuration becomes a globally regular boson star, rotating or not. In this case there is a balance between gravity, rotation and the effective pressure gradients associated with the boson field. In particular, in the absence of rotation, boson stars can also exist which are not prevented by no-go theorems. In other words, only for finite r H , i.e. r H = 0 is that the no-hair theorems apply in the non-rotating case. A similar argument to the above one, but for globally regular selfgravitating spherically symmetric boson stars, leads to
For an asymptotically flat spacetime 0 < N < 1. Thus, even if µ 2 > ω 2 , which is required for localized solutions, the quantity N 2 µ 2 − ω 2 can be negative, notably near the origin. Thus, the above integral can vanish without requiring φ(r) ≡ 0. Table IV ].
V. CONCLUSION
The integral technique used to prove the no-hair theorem for a complex-valued (boson) scalar field in the spherically symmetric scenario has been employed to understand in a heuristic fashion the existence of non-trivial hair (boson clouds) in the stationary and axisymmetric spacetime of a Kerr BH. In particular, we show that when non-trivial boson clouds exist the integral can vanish due to the presence of negative terms that compensate the positive ones. Such negative terms are absent in the nonrotating situation and thus the only way that such an integral can vanish is by the absence of hair (i.e. when the boson field is identically null in the domain of outer communication of the BH). In view of this we conclude that spacetimes containing a BH with less symmetries than the spherical and static scenarios pose serious obstacles towards a generalization of the no-hair theorems. Moreover, the fact that regular cloud configurations maybe supported by a Kerr BH, and more generically, by rotating BH's that are not necessarily Kerr (black holes with boson hair) [1, 2] shows that rotating boson stars if collapsed might produce a new kind of black hole endowed with new types of numbers (hair) other than the two parameters M and J (J = aM ). Alternatively, it is also possible that such boson hair may form due to the development of superradiance instabilities in a Kerr BH [25] (see [26] for a review). The numerical data corresponds to the fundamental mode with numbers n = 0 (zero nodes) and l = m = 1. Notice the eigenvalue for the near extremal case a ≈ rH ≈ M (the last row in the table). Figure 7 shows these eigenvalues pictorially. 
